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The continuity of the approximate subdifferential of a closed proper convex 
function on a Banach space is shown to be valid on the whole domain of the 
function. ic‘ 1991 Academic Press. Inc 
The approximate subdifferential of a convex function has been proved to 
be an important notion for the study of algorithms as well as for theoretical 
purposes in convex optimization. Its success stems from the fact that it 
enjoys striking regularity properties which are not shared by the usual 
exact subdifferential (see [ 1, 2,4-7, 9, lo]). Among these properties are its 
nonemptiness and its Lipschitz behavior on the interior of the domain of 
the function. The purpose of the present note is to prove its continuity up 
to the boundary of the function provided the function is continuous up to 
the boundary. This continuity result was known on the interior of the 
domain of the function [ 1,4]. Our methods rely on [3, 4 J and are of 
geometrical nature. 
1. PRELIMINARIES 
Letf:X+R’=Ru{+co} b e a convex function on a reflexive Banach 
space X with nonempty domain D = {x E X :f(x) < GO }. The s-subdifferen- 
tial off is the multifunction given by 
d,f(x) = {x* E x* :f*(x*) +f(x) - (x*, x) GE} 
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for .Y E D and E E p = (0, + x ), where ,f’* is the conjugate function of ,I’: 
,f‘*(x*) = sup { (.u*, X) -J’(X) : .Y E x; 
Let us adopt the following notion for set convergence in X and A’*; it is a 
simple variant of Mosco’s convergence which coincides with it in the case 
of sequences. Given a family (C,,.),., w of subsets of X parametrized by a 
subspace W of a topological space 52, and given a point 0 in the closure cl 
W of W in Q, lim inf,. _ 0 C,. is the ordinary limit inferior of (C,.),$ E w, i.e., 
the set of x E X such that for any net (w,), E, in W with limit 0 there exists 
a subnet (w,),,, and a net (x~)~~,, with limit x such that x, E C,., for each 
,j E J. We define lim sup,,. _ 0 C,. (or pseudo-limit superior) as the set of x E X 
such that there exists a net (w~)~~, in W with limit 0 and a bounded 
net (x,liGl in X with weak limit x such that X, E C,,., for each in I. The 
family (C,,.),,.. w is said to be (pseudo) convergent if lim inf,, +0 C,,. = 
lim sup,.,, C,,,. When 0 E W, a multifunction F: W + X is said to be 
lower continuous at 0 when lim inf,,.,, F(‘(MJ) I F(0) and upper (pseudo) 
continuous at 0 when lim sup,,. _ 0 F(w) c F(0); it is (pseudo) continuous at 
0 if it is both lower continuous and (pseudo) upper continuous at 0. 
We need the following three results from [3]. 
PROPOSITION 1 [3, Corollary 2.31. Let F: W-+ X he a multifunction 
whose values are closed convex cones and let G : W -+ X* he the polar multi- 
function given by G(w)= F(w)‘= {x*EX* : VXE F(w) (x*, x) GO}. 
Then G is (pseudo) upper continuous iff F is lower continuous. 
It follows that G is (pseudo) continuous iff F is (pseudo) continuous. 
PROPOSITION 2 [3, Lemma 3.11. Let H be an affine hyperplane of X and 
let Q : W + X be a cone-valued multtjiinction. If Q is (pseudo) continuous on 
W then the multifunction C : W -+ H given by C(w) = Q(w) n H is (pseudo) 
continuous on W. 
PROPOSITION 3 [3, Proposition 3.73. Let F : W -+ X be a closed-convex- 
valued multifunction. Suppose that for some v E W 
(a) O$lim SUP,~,,. F(w)c F(v) 
(b) lim inf,. _ 1’ F(w) is nonempty. 
Then the multifunction p : W + X whose value F(w) at w is the closed convex 
cone generated by F(w) is (pseudo) upper continuous at v. 
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2. THE RESULT 
THEOREM 1. suppose f : x -+ R l = IR u ( + co } is a proper convex func- 
tion whose restriction to its domain D is continuous. Then for each E > 0 the 
E-subdifSerentia1 off is (pseudo) continuous on D. 
Proof Let E,.= {(x, r)EXx (w : r >f(x)} be the epigraph off and let 
E: D -+ Xx [w be the multifunction given by 
E(x) = ,7- (x, f (x) - E). 
It is easy to see that 
d,f(x)x(-l)=E(x)“n(X*x{-l)), 
where, for a subset C of Xx [w, C” denotes the polar cone of C: 
C”={(x*,s)EX*xR:V(x,r)EC (x*,x)+rs<O}. 
As f is continuous on D it is easily seen that the multifunction. E is 
(pseudo) continuous on D. Since E(x)” = E(x)““” = l?(x)‘, where k(x) is 
the closed convex cone generated by E(x), using Propositions 1 and 2 it 
suffices to prove that 8 is (pseudo) continuous on D. Since for VE D 
lim inf, _ u g(x) is a closed convex cone which contains lim inf, j U E(x) 1 
E(v) we have lim inf, j u g(x) 3 k(u). In order to prove that k is (pseudo) 
upper continuous let us check the assumptions of Proposition 3 with 
X replaced by Xx [w, W replaced by D, and F replaced by E. We 
already noticed that lim sup,, j u E(w) c E(u); as (v, f (v) - E) $ e, we have 
(0,O) $ E(u). Moreover lim inf,. _ G‘ E(w) contains the. nonempty set E(v). 
The theorem is proved. 1 
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